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Abstract 

The article discusses the property of isotropy in local computer geometry. The basic prin-
ciples of applying such a property in the representation of computer data about the domain of 
a function are demonstrated using the example of a function of two arguments. The scope of 
application of the isotropic property in algebraic transformations, data packing and encoding 
is considered. The effect of isotropy in algebraic transformations is given using the example of 
the product of two functions. The formation of the domain of local functions of the paraboloid 
surface for describing a circle is illustrated on the basis of the domain of local functions for 
describing the surface for a square. The possibility of computer representation of the domain 
of local functions by a single graphical M-image is analyzed.  
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Problem statement 
The purpose of the conducted research was to study the possibility and methods of applica-

tion of isotropy of a local function which is the one of the important properties in local com-
puter geometry, underlying the fundamental difference of this section of geometry from the 
section of differential geometry [1-5]. Such approach significantly expands the range of ap-
plied problems solved by local geometric modeling. The basic means of representing infor-
mation in local computer geometry [6, 7] are local geometric characteristics for the neighbor-
hood of points on a given region with dimension 𝑚, describing a homogeneous unit vector 𝑛⃗ . 
The components of such a homogeneous unit vector (𝑛1, … , 𝑛𝑚+1) determine the local func-
tion 𝑛1𝑥1 + ⋯+ 𝑛𝑚𝑥𝑚 + 𝑛𝑚+1 = 0 at each point of the region 𝑋𝑚. The local function, in turn, 
describes a linear law duplicating at a given point any other law specified by the analytical 
representation 𝐹(𝑋𝑚) = 0  (Fig. 1). 

 

 
Fig.1. Duplication of the law F(x)=0 by a local function at a point 
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It is known that the derivative of the function gives the slope of the tangent line to the 
curve at this specific point, which means that it can be applied as a linear law at this point, 
replacing the law given by the original function. This property leads to a simplification of ana-
lytical calculations at this point, which allowed Isaac Newton and Gottfried Wilhelm Leibniz 
to develop the theory of differential and integral calculus. In fact, it is easy to show that tan-
gential differential calculus can be attributed to a special case of local geometric calculus in 
general, and especially in the considered case of local computer geometry, since only modern 
computer technologies have made it possible to process large amounts of data for the devel-
opment of such calculus. 

1. Isotropy of the local function  
For simplicity and clarity, let us consider the principle of isotropy for the two-dimensional 

case. Let's turn to Figure 2 and assume that the local function passes through a point orthog-
onally to the tangential direction. 

 

 
Fig.2. Duplication of the law 𝐹(𝑥, 𝑦) = 0 by an orthogonal local function at a point 

 
It can be argued that such a local function also duplicates the law of the function 

𝐹(𝑥, 𝑦) = 0 (or explicitly 𝑦 = 𝑓(𝑥)) as well as the tangential local function, since the following 
relation is preserved: 

𝑦 = 𝑓(𝑥) = −
𝑛1

𝑛2
𝑥 −

𝑛3

𝑛2
= −3

𝑛1

𝑛2
−

𝑛3

𝑛2
= 2. (1) 

It is interesting that for any local functions describing the equation of a straight line pass-
ing through a selected point, the property of duplicating the function 𝑦 = 𝑓(𝑥) is preserved. 
We can say that a "bundle" of local functions at a single point can duplicate any function 𝑦 =
𝑓(𝑥) passing through this point. That is, for a local function at the point, the principle of isot-
ropy is observed: the uniformity of ratios of the local function arguments in all orientations.   

Using the example of a function of three variables 𝐹(𝑥, 𝑦, 𝑧) = 0, we will show that for any 
arbitrarily given components 𝑛1, 𝑛2, 𝑛3  of a homogeneous vector of a local function, it is al-
ways possible to calculate the fourth component 𝑛4, leading to an unambiguous determina-
tion of the range of the original function 𝐹(𝑥, 𝑦, 𝑧) = 0. 

Let's consider an example of describing the range of function values for the zero contour 
"square". We will describe such a range using R-functional modeling tools: 

𝑧 = (1 − 𝑥2) + (1 − 𝑦2) − √(1 − 𝑥2)2 + (1 − 𝑦2)2 . (2) 

Function (2) provides a zero value along the contour of a square with a side equal to two 
units and centered at the origin. For consideration, we will select a 4x4 region centered at the 
origin. 

In order to obtain the domain of tangential local functions, i.e. the domain of tangent 
planes, it is sufficient to create a regular grid covering for the given domain. To define a trian-
gular element of the plane, for each vertex we add two neighboring vertices shifted along the 



 

 

𝑂𝑥 and 𝑂𝑦 axes by the grid step. For each of these three vertices we calculate z using formula 
(2) and formulate a local function using the linear operator [6,7]: 

|

𝑥 𝑦 𝑧   1
𝑥1 𝑦1 𝑧1 1
𝑥2

𝑥3

𝑦2

𝑦3

𝑧2

𝑧3

1
1

| = 𝑎1𝑥 + 𝑎2𝑦 + 𝑎3𝑧 + 𝑎4 = 0. (3) 

Reducing the components to a uniform unit vector and matching the monochrome color 
palette gradation  𝑃 on the M-image, we obtain: 

𝑛𝑖 =
𝑎𝑖

√𝑎1
2 + 𝑎2

2 + 𝑎3
2 + 𝑎4

2
, 𝑀𝑖 =

𝑃(1 + 𝑛𝑖)

2
,  𝑃 = 256. (4) 

Figure 3 shows M-images that display on a computer the range of all four characteristics 
𝑛1, 𝑛2, 𝑛3, 𝑛4, respectively. 

 

    
𝑀1 𝑀2 𝑀3 𝑀4 

Fig.3. M-images describing the range of tangential local functions for a zero square contour 
 
Figure 4 shows the positive range of values of the function (2) in monochrome, and the 

blue colour represents negative values of this function. 
 

 
Fig.4. Positive and negative value ranges of the function (2) superimposed on the image  𝑀3 

 
To begin with, let's model a situation where the local function is constant and horizontal at 

each point, i.e. 𝑎1 = 0, 𝑎2 = 0, 𝑎3 = 1. At the same time, the first two images - 𝑀1  and 𝑀2 - 
possess a gray color corresponding to the zero value, and the image 𝑀3 takes on a white color 
corresponding to a unit value. Now we have to to determine the fourth image 𝑀4, which car-
ries basic information about the function (2). To do this, at the current point i with coordi-
nates (𝑥𝑖, 𝑦𝑖), calculate 𝑧𝑖 using formula (2) and find the coefficient 𝑎4: 

𝑎4 = −𝑎1𝑥𝑖 − 𝑎2𝑦𝑖 − 𝑎3𝑧𝑖 . (5) 

We will reduce the obtained components 𝑎𝑖 to the components of a homogeneous unit vec-
tor 𝑛𝑖, and then to the correspondence with the monochrome color palette P according to 
formula (4), we will obtain the M-images shown in Figure 5. 

 



 

 

    
𝑀1 𝑀2 𝑀3 𝑀4 

Fig.5. M-images describing the range of local functions for the zero square contour generated 
by the last component 𝑎4 - for 𝑎1 = 0, 𝑎2 = 0, 𝑎3 = 1 

 
The first two M-images keep the color constancy equal to the value 127 (gray), obtained af-

ter normalization, for the zero value of the cosine of the angle deviation with a reference to 
the 𝑂𝑥 and 𝑂𝑦 axes. During normalization, the third M-image 𝑀3 is influenced by the values 
of the norm, since the numerator in this case is not zero as in the first two cases. 

Let us consider the value of 𝑧 at each point of a given region using a local function accord-
ing to the formula 

𝑧𝑖 = −
𝑛1

𝑛3
𝑥𝑖 −

𝑛2

𝑛3
𝑦𝑖 −

𝑛4

𝑛3
. (6) 

We will display the range of negative values of 𝑧𝑖 in blue, making sure that it matches Fig-
ure 4 (Fig. 6). 

 

 
Fig. 6. Image of the positive and negative range of 𝑧 values of local functions 

 
The orientation of the planes described by local functions that are orthogonal to the 𝑂𝑦 

and 𝑂𝑥 axes, respectively, is shown in Figures 7 and 8. Here we can observe how the compo-
nent 𝑎4  influences the color of the M-image of the corresponding component 𝑎𝑖, equal to one. 

 

    
𝑀1 𝑀2 𝑀3 𝑀4 

Fig.7. M-images describing the range of local functions for the zero square contour generated 
by the last component 𝑎4 - for 𝑎1 = 0, 𝑎2 = 1, 𝑎3 = 0. 

 



 

 

    
𝑀1 𝑀2 𝑀3 𝑀4 

Fig.8. M-images describing the range of local functions for the zero square contour generated 
by the last component 𝑎4 - for  𝑎1 = 1, 𝑎2 = 0, 𝑎3 = 0. 

2. Reducing the computer representation of the function 
range to a single M-image with a digital key encryption 
element 

The conducted studies have shown that the developed approach allows using a single im-
age 𝑀4, with known components 𝑎1, 𝑎2, 𝑎3 expressed by constants, to obtain the domain of lo-
cal functions describing the domain of function (2) by means of the proposed key encryption 
algorithm. The idea is to use the procedure of replacing the entire image containing the con-
stant color at each point with one numerical value. For example, in the special case consid-
ered in Figure 5, the M-images 𝑀1, 𝑀2 and 𝑀3 can be represented by the numbers 0,0,1, and 
cases represented by Figures 7 and 8 contain the numerical combinations 0,1, 0 and 1,0,0 in 
M-images. Thus, for any of the selected combinations with the available values of  𝑎1, 𝑎2 and 
𝑎3, it is sufficient to calculate the value of 𝑎4 at each point of the corresponding image 𝑀4. In 
this case, the combination of  𝑎1, 𝑎2 and 𝑎3 is the key to make the choice between three con-
sidered images 𝑀4. Let's consider the algorithm for calculating 𝑎4. 

We have already determined that the value of 𝑛4 at the point of the image 𝑀4 is calculated 
by the formula 

𝑛4 =
2𝑀4 − 256

256
 (7) 

With the values of components 𝑎1 = 0, 𝑎2 = 0, 𝑎3 = 1, coefficient 𝑎4  can be expressed from 
formula (4). In the considered case  

𝑛4 =
𝑎4

√1 + 𝑎4
2
. (8) 

As a result, we obtain: 

𝑎4 =
𝑛4

√1 − 𝑛4
2
. (9) 

It follows that each of the three M-images 𝑀4  in Figures 5, 7, 8, together with its numeric 
key, contains sufficient initial graphical information to obtain the same function domain (2). 
This means that it is possible to completely restore the Functional Voxel model shown in Fig-
ure 3 if any of the M-images are available together with a numerical key. Note also that as the 
dimensionality of the considered space of function arguments increases, the number of zero 
components will increase correspondingly, i.e. formula (9) remains universal, while the index 
for 𝑎𝑖 and 𝑛𝑖 increases. 

Now let's consider the more complicated problem by assigning different values of integer 
type to three constants (for example, 𝑎1 = 2, 𝑎2 = 6, 𝑎3 = 1). Using formula (5), we obtain the 
value of  𝑎4  (Fig. 9). 

 



 

 

    
𝑀1 𝑀2 𝑀3 𝑀4 

Fig.9. M-images describing the range of function (2) for 𝑎1 = 2, 𝑎2 = 6, 𝑎3 = 1 
 
Тогда Let's try to express 𝑎4 again, given that all three components 𝑎1, 𝑎2, 𝑎3 are known to 

be some numeric values other than zero. Then 

𝑛4 =
𝑎4

√𝑎1
2 + 𝑎2

2 + 𝑎3
2 + 𝑎4

2
, (10) 

that leads to  

𝑎4 = 𝑛4

√𝑎1
2 + 𝑎2

2 + 𝑎3
2

√1 − 𝑛4
2

, (11) 

where 𝑎1, 𝑎2, 𝑎3 – a complex key encoding for an M-image 𝑀4. 
Figure 10 depicts the result of calculating the negative and positive ranges of 𝑧 values for 

local functions composed by M-images represented in Figure 9. 
 

 
Fig.10. Positive (gray) and negative (blue) ranges of 𝑧 for local functions with the key 2,6,1. 
 
It is not difficult to show that any three images from this composition of the functional 

voxel model, replaced by constants, make it possible to generate one of the M-images to de-
scribe the function domain. 

3. Application of the isotropic property in computational 
operations on homogeneous vectors 

In [6,7,8], computational operations on local functions using an M-image representation 
of a given domain are considered. A typical example of the isotropy occurs when obtaining 
the result of component-by-component multiplication of the values of two different functions 
represented by homogeneous vectors at points in a given area. 

As an example, let us consider different types of functions:  
- trigonometric f-function (Fig. 11) 

𝑧𝑓 = 5(𝑦𝑠𝑖𝑛𝜋𝑥 + 𝑥2𝑐𝑜𝑠𝜋𝑦) (12) 

and exponential 𝑔 -function (Fig. 12) 

𝑧𝑔 = (𝑥 − 1)𝑒−[𝑥2+(𝑦+1)2] + 10(0,2𝑥 − 𝑥3 − 𝑦5)𝑒−(𝑥2+𝑦2) + 𝑒−
(𝑥2+𝑦2)

3 . (13) 

 



 

 

    
𝑀1 𝑀2 𝑀3 𝑀4 

Fig. 11. M-images representing the domain of local functions for the trigonometric  
function (12) 

 

    
𝑀1 𝑀2 𝑀3 𝑀4 

Fig.12. M-images representing the domain of local functions for the exponential function (13) 
 
The benchmark for comparing those results will be images of local functions obtained di-

rectly by the multiplication of functions (12) and (13), shown in Figure 13. 
 

    
𝑀1 𝑀2 𝑀3 𝑀4 

Fig.13. M-images representing the domain of local functions for the product of functions (12) 
and (13) 

 
In [6,7,8], the solution to the problem of determining the product based on local functions 

of a homogeneous vector is proposed to be expressed as follows: 

𝑧𝑓𝑔 = (−
𝑛1

𝑓

𝑛3
𝑓
𝑥 −

𝑛2
𝑓

𝑛3
𝑓
𝑦 −

𝑛4
𝑓

𝑛3
𝑓
) × (−

𝑛1
𝑔

𝑛3
𝑔 𝑥 −

𝑛2
𝑔

𝑛3
𝑔 𝑦 −

𝑛4
𝑔

𝑛3
𝑔), 

𝑧𝑓𝑔 = (−
𝑛1

𝑓

𝑛3
𝑓
𝑥 −

𝑛2
𝑓

𝑛3
𝑓
𝑦 −

𝑛4
𝑓

𝑛3
𝑓
) × 𝑧𝑔, 

𝑛1
𝑓𝑔

= 𝑛1
𝑓
𝑧𝑔, 𝑛2

𝑓𝑔
= 𝑛2

𝑓
𝑧𝑔, 𝑛3

𝑓𝑔
= 𝑛3

𝑓
,  𝑛4

𝑓𝑔
= 𝑛4

𝑓
𝑧𝑔, 

𝑧𝑓𝑔 = −
𝑛1

𝑓𝑔

𝑛3
𝑓𝑔

𝑥 −
𝑛2

𝑓𝑔

𝑛3
𝑓𝑔

𝑦 −
𝑛4

𝑓𝑔

𝑛3
𝑓𝑔

. 

(14) 

If in the previous description, Figure 13 demonstrates tangential local functions obtained 
by linear approximation using formulas (3) and (4), then the result of calculations using for-

mula (14) is not tangential (Fig. 14), but the 𝑧𝑓𝑔-surface differs in the 14th decimal place at 
each point of the considered domain. 

 



 

 

    
𝑀1 𝑀2 𝑀3 𝑀4 

Fig. 14. M-images describing the domain of local functions according to formula (14) 
 
It is clear that there is another solution that allows you to express the components: 

𝑧𝑓𝑔 = (−
𝑛1

𝑓

𝑛3
𝑓
𝑥 −

𝑛2
𝑓

𝑛3
𝑓
𝑦 −

𝑛4
𝑓

𝑛3
𝑓
) × (−

𝑛1
𝑔

𝑛3
𝑔 𝑥 −

𝑛2
𝑔

𝑛3
𝑔 𝑦 −

𝑛4
𝑔

𝑛3
𝑔), 

𝑧𝑓𝑔 = 𝑧𝑓 × (−
𝑛1

𝑔

𝑛3
𝑔 𝑥 −

𝑛2
𝑔

𝑛3
𝑔 𝑦 −

𝑛4
𝑔

𝑛3
𝑔), 

𝑛1
𝑓𝑔

= 𝑛1
𝑔
𝑧𝑓 , 𝑛2

𝑓𝑔
= 𝑛2

𝑔
𝑧𝑓 , 𝑛3

𝑓𝑔
= 𝑛3

𝑔
,  𝑛4

𝑓𝑔
= 𝑛4

𝑔
𝑧𝑓 , 

𝑧𝑓𝑔 = −
𝑛1

𝑓𝑔

𝑛3
𝑓𝑔

𝑥 −
𝑛2

𝑓𝑔

𝑛3
𝑓𝑔

𝑦 −
𝑛4

𝑓𝑔

𝑛3
𝑓𝑔

. 

(15) 

In this case, the M-images will, of course, show a different picture (Fig. 15), however, the 

𝑧𝑓𝑔 surface will coincide with the previously considered cases. 
 

    
𝑀1 𝑀2 𝑀3 𝑀4 

Fig.15. M-images describing the domain of local functions according to formula (15) 
 
Thus, due to the existence of the isotropic property, the commutative property of multipli-

cation is preserved in the arithmetic operations of local geometry.   

4. Transition to a tangential local function 
The question arises: is it possible to obtain tangential local functions from any M-image 

representation of a function? 
Let us consider an example describing the process of generating the set of M-images repre-

sented at Figure 3 directly from the image 𝑀4  displayed  at Figure 9. To do this, we transform 
the color value of each current point of the image 𝑀4  into the value of the fourth component 
of the homogeneous unit vector 𝑛4  in terms of expression (6) and express the component 𝑎4 
using given conditions  𝑎1 = 2, 𝑎2 = 6, 𝑎3 = 1: 

𝑛4 =
2𝑀4 − 𝑃

𝑃
, 𝑎4 = 𝑛4

√𝑎1
2 + 𝑎2

2 + 𝑎3
2

√1 − 𝑛4
2

= 𝑛4

√22 + 62 + 12

√1 − 𝑛4
2

= 𝑛4

√41

√1 − 𝑛4
2
. (16) 

The expression of color gradation according to formula (4) leads to the restoration of all 
four M-images of Figure 9: 

𝑛1 =
2

√41 + 𝑎4
2
, 𝑛2 =

6

√41 + 𝑎4
2
, 𝑛3 =

1

√41 + 𝑎4
2
, 𝑛1 =

𝑎4

√41 + 𝑎4
2
, (17) 



 

 

𝑀𝑖 =
𝑃(1 + 𝑛𝑖)

2
,  𝑃 = 256. 

The resulting M-image representation provides the z-value of the function (2) at the corre-
sponding points of the domain: 

𝑧 = −
𝑛1

𝑛3
𝑥 −

𝑛2

𝑛3
𝑦 −

𝑛4

𝑛3
. (18) 

At this stage, taking into account the discreteness of the M-images, we should apply a line-
ar approximation of the function domain by restoring ordered triples of vertices of a rectan-
gular grid, following the calculations on the basis of formulas (3) and (4). 

Conclusions 
The conducted studies have shown the wide possibilities of computing tools and forms of 

representation of a multidimensional domain of a complex function on a computer when us-
ing the components of a homogeneous vector to describe a single point in space. The revealed 
isotropic property significantly expands the methods of such representation and allows to 
pack the computer data into a single M-image, reducing the remaining images to constant 
values, which helps to solve the problems of graphical encryption of the object geometry. It is 
shown that the isotropy simplifies the automation of algebraic and arithmetic calculations 
over functions, which allows the implementation of complex computational structures, such 
as R-functions [6], etc., using local functions. This paper also presents a method for transi-
tioning to the traditional tangential position of local functions for performing differential and 
integral calculus [9-11].  
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